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Fueled by telecommunication needs and opportunities, there has been a recent push to develop aircraft that can
provide long-endurance (days to weeks) persistent aerial coverage. These aircraft present a complicated systems
engineering problem because of the multifaceted interaction between aerodynamics, structures, environmental
effects, and engine, battery, and other component performance. Using geometric programming, models capturing the
interaction between disciplines are used to analyze the feasible limits of solar-electric and gas-powered, long-
endurance aircraft in seconds to a level of detail and speed not previously achieved in initial aircraft sizing and design.
The results show that long-endurance, gas-powered aircraft are generally more robust to higher wind speeds than
solar-powered aircraft but are limited in their endurance by the amount of fuel that they can carry. Although solar-
electric-powered aircraft can theoretically fly for months, they are operationally limited by reduced solar flux during
the winter and wind speeds at higher latitudes. A detailed trade study between gas-powered and solar-powered
aircraft is performed to discover which architecture is best suited to meet a given set of requirements and what is the
optimum size and endurance of that platform.

Nomenclature Iy = tail boom root moment of inertia
A =  wing aspect ratio K, = wing loading constant
A = nondimensional cross-sectional area k = tail boom taper index
BSFC = brake specific fuel consumption Ly = horizontal tail lift
BSFC, 99 = brake specific fuel consumption at full throttle liuse = fuse}age length
b =  wing span h = horlgontal' tail moment arm
Cp = aircraft drag coefficient Ly = vertical tail moment arm
Cy, = nonwing drag coefficient M = wmns bending moment
Cs = skin friction coefficient n = tail boom mass
Cy = lift coefficient n = local wing mass
C, = maximum lift coefficient Miac = weight margin factor
c = wing chord Muotor = electric rnotqr mass
ca, = wing profile drag coefficient N - number of flight segments
c = lift slope coefficient Ninax = safety load factor
D‘;mm = tail boom drag n = numbf:r of wing segments
DOY = day of the year Payionics = avionics power
d —  tail boom diameter Poper = alrc'raft operating power
e = span efficiency factor P natc = engine/motor shaft power .
E = Young’s modulus Py = useable so_lar power per 1’1mt area
Epat = energy stored in battery P surface = power emitted at Fhe sun’s surface
E., = total solar energy available 0 = m_agmtude of ave_ulable solar power
(E/S)day = daily required solar energy (P/S)min = minimum operatlonal solar power
(E/S)qun = available solar energy Pwind = percentile wind speed
(E/S)witgne = twilight solar energy R = aircraft range
Folar = planform area fraction covered in solar cells Rearth orbit = distance from Earth to sun
[ structural = fractional structural weight Riuse = fuselage radius
g = gravitational constant Ripec = speqﬁc gas constant
h = flight altitude Ry = radius of t.he sun
- = battery specific energy o = average dlstapce from Earth to sun
W - tion q = distributed wing loading
Leap par cap separal 1 _ . .2 . .
he. —  minimum climb rate q = normalized distributed wing loading
e = cap spar moment of inertia Re = aircraft Reynolds number
Repoom = tail boom Reynolds number
= wing planform area
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1y = tail boom root wall thickness
true airspeed

<
1]

Viuse = fuselage volume
Voust = gust velocity
Vi = horizontal tail lift coefficient
Vet = reference wind airspeed
V wind = wind speed
vV, = vertical tail lift coefficient
w = aircraft weight
Wave = average weight over a flight segment
Watt = Dbattery weight
W cent = center of aircraft weight
Wemp = empennage weight
engine = engine weight
Wtadd = additional wing structural weight
Winal = end of flight segment aircraft weight
Wiuel = fuel weight
Wiuselage = fuselage weight
Wy = horizontal tail weight
Winitial = start of flight segment aircraft weight
Wwuro = max takeoff weight
Wpayload = payload weight
Wkin = wing skin weight
Wolar = solar cell weight
W par = wing spar weight
W structural = structural weight
W, = vertical tail weight
W ing = wing weight
w = wing deflection
Weap = spar cap width
Wmax = maximum deflection limit
y = distance from wing root along span
Zbre = Breguet range helper variable
a = angle of attack
Agust = local angle of attack from gust velocities
= solar declination angle
AW = wing section weight
Ay = wing section length
(C] = wing bending deflection angle
0 = angle normal to surface
Bboom = tail boom deflection angle
Ncharge = battery charging efficiency
Ndischarge = battery discharging efficiency
Hmotor = electric motor efficiency
Hprop = propulsive efficiency
Nsolar = solar cell efficiency
P = air density
Phm = area density of carbon fiber
Petp = density of carbon fiber
Pfoam = density of foam
Psolar = solar cell density
Ocfip = maximum carbon-fiber stress
T = horizontal tail thickness-to-chord ratio
7, = wing thickness-to-chord ratio
7, = vertical tail thickness-to-chord ratio
Ty = cap spar width-to-chord ratio
¢ = latitude

I. Introduction

ONG-ENDURANCE station-keeping aircraft are potential

solutions to providing internet, communication, and persistent
aerial coverage. Recently, technology companies such as Google [1]
and Facebook [2] have explored the possibility of using solar-
electric-powered aircraft to provide internet to parts of the world
where 4G or 3G network is not available. Engineering firms like
Aurora Flight Sciences [3] and Vanilla Aircraft [4] have developed
gas-powered long-endurance platforms as a means of providing
continual surveillance for days at a time. Sizing of such long-
endurance aircraft is complicated because of the multifaceted
interaction between aerodynamics, structural weight, solar energy,

wind speed, and other disciplines and environmental models. The
complexity of sizing these kinds of aircraft makes the tradeoffs
between gas-powered and solar-powered architectures potentially
nonintuitive.

This paper presents a physics-based optimization model that uses
geometric programming as a systematic and rapid approach to
evaluate tradeoffs between the two architectures for a given mission.
Geometric programming, a form of convex optimization, is chosen as
ameans of evaluating the design space because of its rapid solve time
and guaranteed convergence to a global optimum [5]. Models and
equations representing the interaction of the various disciplines are
expressed in a geometric programming form and are then combined
to form an optimization model. The optimization can be solved in a
fraction of a second and is used quantify to the feasible limits of the
solar-electric and gas-powered long-endurance aircraft.

The driving requirement that sizes solar-electric-powered aircraft
is the ability to operate at multiple locations and during all seasons. To
fly multiple days, solar-electric-powered aircraft must carry enough
solar cells and batteries to fly during the day while storing enough
energy to fly through the night [6]. If this condition can be achieved
during the winter solstice, when the solar flux is at a minimum, then a
solar-electric-powered aircraft can theoretically fly during any time
of the year for long durations [6]. This becomes more difficult to
achieve at higher latitudes as solar flux during the winter solstice
decreases. Additionally, to station keep, the aircraft must fly faster
than the local wind speeds. Wind speeds are a function of latitude,
altitude, and season and tend to increase at higher latitudes and during
winter months. Therefore, a key sizing study of solar-electric-
powered aircraft is the effect of latitude on aircraft size.

The key driving requirement for a gas-powered aircraft is
endurance. Because gas-powered aircraft are endurance-limited by
the amount of fuel that they can carry, longer endurance requires more
fuel and hence a larger aircraft. Because gas-powered aircraft are not
affected by the solar flux, their station-keeping ability at different
latitudes only depends on the local wind speed. If a gas-powered
aircraft can fly at the latitude with the worst wind speed, it can
theoretically fly anywhere else in the world.

Using this geometric programming methodology, tradeoffs
between different aircraft configurations, power sources, and
requirements can be calculated in seconds. The results show that
gas-powered aircraft can generally be built lighter and can fly faster
and can therefore fly at higher latitudes and in higher percentile
wind speeds. Solar-powered aircraft have greater endurance but are
limited operationally by their ability to reach higher speeds. The
presented optimization methodology can quantify the difference in
weight and endurance between and gas and solar-electric-powered
aircraft for the same set of requirements. Varying mission
requirements reveals how the best architecture changes depending
on the requirements.

II. Mission Requirements

A comparison of the gas and solar-electric-powered aircraft is
achieved by comparing their respective capabilities at satisfying a
common set of requirements shown in Table 1. These requirements
can and will be changed in Sec. VI to observe which architecture is
best suited to meet various sets of requirements. A discussion of each
requirement is included in this section.

Table 1 Mission requirements

Requirement Value
Payload 10 1b
Station keeping 90% winds
Endurance >5 days
Season all seasons
Altitude >4600 m
Latitude +30°
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A. Station Keeping
To station keep, an aircraft must fly at least as fast as the wind speed:

V2 Vwind (1)

Distributions of wind-speed data [7] indicate that it is impractical for
long-endurance unmanned aerial vehicles to station keep in 100
percentile wind speeds. Therefore, the station keeping requirement is
parameterized by a percentile wind speed py,q, above which the
aircraft is allowed to drift off station. The wind speed at a station is also
a function of latitude, altitude, season, or day of the year:

Viina = f((ﬁ! h, DOY, pyina) 2

Wind-speed data were collected from the ERA Interim atmospheric
datasets for the years 20052015 [7]. It is assumed that the wind-speed
distribution is independent of longitude.

To meet the season requirement, the solar-electric aircraft must be
able to fly a full day/night cycle on the winter solstice. If it can do so, it
automatically exceeds the endurance requirement. To achieve this
design constraint, the aircraft must be able to fly with limited solar
energy, discussed in Sec. V.B, and with higher than average wind
speeds as shown in Fig. 1

For long-endurance gas-powered aircraft, the endurance require-
ment is the amount of time the aircraft needs to remain in the air
without refueling. This is expected to be mostly independent of
season, except insofar as the wind speeds depend on season.

Because wind speeds are greatest during the winter solstice for
both the Northern and Southern Hemispheres, only wind speeds from
December and June, respectively, will be used for the both the gas and
solar-electric-powered aircraft sizing and performance analysis.

B. Altitude

One altitude requirement is a minimum height required to meet a
certain coverage footprint:

h Z hmin (3)

Long-endurance aircraft tend to fly at low speeds, which based on
Fig. 2 means there are two possible operating altitude regiems: at or
around the minimum height requirement of 4600 m or at high
altitudes between 16,700 and 20,000 m. Gas-powered aircraft
generally fly in the lower altitude regime of 4600 m because naturally
aspirated engines lose power with increased altitude and are unable to
reach altitudes higher than about 13,500 m. Solar-electric-powered
aircraft, which do not have naturally aspirated engines, will fly
around 18,000 m to avoid cloud coverage.
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Fig.2 Aircraft must fly above £ ,;, to meet altitude requirement. Bands

represent 80th, 90th, and 95th percentiles [7].

C. Latitude

It is assumed that long-endurance aircraft will have a requirement
to be capable of operating anywhere within a band of latitudes. For
example, an aircraft designed or optimized for the 35th latitude would
be able to operate at any latitude between £35°. Latitude affects both
the solar-electric and the gas-powered aircraft because wind speed
varies with latitude. Figure 3 shows how the wind speed varies with
latitude in the Northern Hemisphere in December.

Latitude additionally affects the solar-electric-powered aircraft
because, at higher latitudes, there is less daylight and therefore less
solar energy during the winter months. This is further discussed in
Sec. V.B.

III. Geometric Programming

Sizing long-endurance aircraft for the stated requirements was
accomplished using geometric programming. Geometric programs
(GPs) are a mathematical optimization problem characterized by the
convexity of the objective and constraint functions [5]. GPs have the
form

minimize f((x)
subjectto f;(x) < 1, i=1,....m “)
gilx) =1, i=1,...,p 4)

T T T T T T T T T
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Fig.1 Winds peak at the winter solstice in Southern and Northern Hemispheres [7].
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Fig. 3 Wind speeds by latitude. Bands represent 80th, 90th, and 95th
percentile winds [7].

where the functions g; must be monomial functions, and the functions
fi must be posynomial functions. Monomials and posynomials have
the forms

g(x) = cx('x3?, ... Xy (6)
K
a az, Apy
f(x)=chxllkx22‘, e Xn @
=1

The properties of a geometric program allow solution algorithms
to guarantee convergence to a global optimum, provided that there
exists a feasible solution to the set of constraint functions.
Additionally, geometric programs can be solved rapidly with existing
algorithms. Using state-of-the-art, standard interior-point algorithms,
GPs with 1000 variables and 10,000 constraints converge to a
solution in tens of seconds [35].

To evaluate the gas and solar-electric-powered design space, the
requirements, architecture type, physical models, and assumed
parameter values are expressed as constraints on the GP [8].
Essentially, the gas and solar-electric-powered geometric programs
are long lists of constraints in a GP form that can be rapidly solved
using interior point methods. Figure 4 shows how the optimization
problem is constructed and solved. The following sections explain in
detail the configuration, physical modeling, and input value
assumptions and their resulting constraint equations that were used in
both the gas and solar-electric-powered optimization models.

A python package for defining and manipulating geometric
programs, GPkit [9], is used to create the models described in this
paper. A commercial solver, mosek [10], is used to solve the GP. Both
the gas and solar-electric-powered GP optimization models are
available for download and use [11].

IV. Configuration

For this study, a simple fixed-wing tractor configuration was chosen
as the baseline for both architectures. Common characteristics between

the gas and solar models include a constant tapered wing and a
conventional tail with a single tail boom extending from the wing. The
gas-powered aircraft has a fuselage to hold all of the fuel required for
the mission. The solar-electric-powered aircraft holds the batteries in
the wings. The solar cells for the solar-electric aircraft are placed along
the wing and possibly on the horizontal tail. A simple diagram of each
vehicle is shown in Fig. 5 with their corresponding weight breakdowns
in Fig. 6 The configuration is assumed to be static for this study.

V. Aircraft Physical Models

To evaluate the size and performance of both gas and solar-electric-
powered aircraft, underlying physics models are used. Environmental,
aircraft performance, and structural models are used in the
optimization model to capture the effects of the requirements on the
size and design of the aircraft. Equations from these models are
expressed in a GP-compatible form to enable their use in the
optimization. Understanding the models that are used in a GP is
important because the solution to a GP is only as accurate as the models
that are used to construct the program. To obtain higher-fidelity results
from the optimization, more detailed models can be implemented.

A. Shared Physical Models

The models described in this section were applied to both the gas-
powered and solar-electric-powered aircraft models.

1. Steady Level Flight

Both the gas and solar-powered aircraft are assumed to be in steady
level flight [8]:

1
T > pV2CoS ®)

1
W= EpVZCLS )

The shaft power produced by the engine or motor can be
expressed as

A%
P shaft = (10)
Mprop
where the propulsive efficiency is assumed to be a

constant 77,0, = 0.8.

2. Aerodynamics

The aircraft aerodynamics is modeled as a drag buildup of the
nonwing drag, wing profile drag, and induced drag coefficients:

2

CL
CD > Cdo + Cd,, +m

an
where the span efficiency factor is assumed to be constant, e = 0.9.
The nonwing drag coefficient Cy, is estimated as a drag buildup from
the fuselage, tail boom, and horizontal and vertical surfaces
discussed later.

To estimate the wing profile drag, a posynomial fit is made of the
drag polar of the selected JHO1 airfoil (see Appendix A for a
discussion of the airfoil choice). Drag polars were produced using

Assumptions

Requirements

List of Constraints

3 e
w = dovics

Fig.4 Process of constructing and solving a GP optimization problem.

Architecture
—
: (Gas or Solar) Solver (i.e., mosek)= Result
Physics
Configuration |—»f
Parameters woy



Article in Advance / BURTON AND HOBURG 5
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Fig. 5 Configurations for the solar-electric and gas architectures.
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Fig. 6 Representative weight breakdown of both aircraft optimization models.

XFOIL [12] at various Reynolds numbers, and the data were then fit
to a posynomial equation (see Appendix B). The XFOIL drag polar
data are compared to the posynomial fit in Fig. 7

3. Wing Spar Model

A wing spar is one of the primary structural elements of both
aircraft. A conservative approach to calculating the size of the spar is
to assume that the spar carries all of the bending loads caused by the
lifting loads and weight of the aircraft. It is assumed that there are two
out-of-plane bending cases to which both the gas-powered and the
solar-electric-powered aircraft are subject: standard wing bending
and gust loads.

a. Standard Wing Bending Case. The distributed load along the wing
is a combination of the lifting and weight distributions along the

wing. The wing loading distribution ¢(y) can be approximated as a
scaling of the local chord [13]:

q(y) = K c(y) (12)

where y is the distance from the root wing location. The loading
constant K, [13] is defined as

_ Nmax Weent

K, 5

13)

where W ., is the sum of loads acting at the center of the aircraft, and
the safety load factor is an input N, = 5 (N,.x = 1 corresponds to
steady level flight). Using the equation for the local chord of a
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Fig. 7 Posynomial fit (solid lines) to XFOIL data (circles). Log-space
rms error = (0.00489.

constant tapered wing [13] with a taper ratio A =0.5, the
precomputed distributed load

_ gk 2 N
q() N W l+l(1+(/1 1) ) (14)

is input into a standard beam model to predict the bending moments
and deflections. The center weight W, for the gas-powered
aircraft is

chm > quel + quselage + Wengine + Wpayload + Wemp (15)
The center weight for the solar-powered aircraft is

chm = Wpayload + Wmolor + Wemp (16)

b. Gust Loading Case. Because long-endurance aircraft typically
have high-aspect-ratio wings, they are considered flexible aircraft. To
account for this flexibility and size a structural wing spar with
sufficient rigidity, a distributed gust lifting load is added to the steady
level flight loading distribution:

Nmax chnl

q(y) = b

_ 1 S _
C(y) + Claagustzpvzzc(y) (17)

_ o q()b <, W ying
10 = 52002 e 1+ a1+ 57) |

where ¢(y) is precomputed before the optimization solve for a taper
ratio 4 = 0.5. The safety load factor is N,,,,, = 2 for the gust loading
case. The weight of the wing for the gas-powered aircraft is assumed
to be the weight of the spar cap plus the weight of the skin:

Wwing > Wspar + Wskin (19)

For the solar-electric-powered aircraft, the batteries and solar cells
are also included in the wing weight:

Wing Skin Spar Cap

Shear Web

Foam Interior

—————

Wwing > Wspar + Wskin + Wbatt + Wsolar (20)

The gust velocity is assumed to be vertical to the flight path such
that the local angle of attack is approximated by

Xgust 0= tan™! (Vg%t(y)) 21

Because the arctan function is not GP-compatible, a monomial
approximation was calculated using techniques described by Hoburg
etal. [14]:

A () = 0.946 (Vth(y)) b (22)

And it has an rms log-space error of 0.039 for V. /V € [0, 0.7]. The
gust velocity has an assumed profile along the wing [15]:

2
Vgusl (y) = Vref (1 — Cos (?y g)) (23)

where the reference velocity is an assumed conservative value [15],
V.t = 10 m/s. The gust velocity profile is computed before solve to
preserve GP compatibility.

¢. Discretized Beam Model. Using a standard Bernoulli-Euler
discretized beam model with n = 5 nodes [13], the shear forces,
moments, angles, and deflections can be expressed in a GP-
compatible form using the distributed loads g(y) as an input:

Sir 2§+ LTy %)
S: S
Mo 2 M, +%+’A 25)
1 (M, M,
>
®l = ®t+] += 2 (E] + Eli_l)Ay (26)
1/0;+0;
w; 2 Wiy + 5 (%) Ay (27)

where Young’s modulus of carbon fiber is £ = 20 MPa. Boundary
conditions are zero shear forces and moments at the wing tips and
zero angle and deflection at the wing root [13].

d. Cap Spar for Bending Loads. A cap spar is considered for the
solar-electric and gas-powered aircraft. A cap spar has two carbon-
fiber caps separated by afoam core, as seen in Fig. 8. A thin shear web
is wrapped around the caps and foam to prevent shearing and
buckling.

The moment of inertia of the cap spar is modeled by only
considering the spar caps, not the foam interior. This conservative
assumption is made because the contribution of the foam core is much
less than that of the spar caps. The equation for the moment of inertia
[13] of a cap spar is

Fig. 8 Cross-sectional view of a cap spar.



Article in Advance / BURTON AND HOBURG 7

Weapls ! )
I % + 2wcaptCaP (% + %) (28)

This equation is not GP compatible. However, using a first-order
conservative approximation, the moment of inertia can be simplified
to be written in a GP-compatible form:

hca 2
1< 2wcaptcup (Tp) (29)

There are also geometric constraints imposed on the width and
thickness. The total spar cap thickness cannot be greater than the
thickness of the airfoil cross section 7, = 0.115. The width of the spar
cap is assumed no greater than 30% of chord z,, = 0.3:

C(y)Tt 2 hcap + 2l‘cap (30)

c)ry 2 Weap (€29)]

To match the discretized beam model, the spar cross section can
also be written in a discretized form such that each section has a
unique width and thickness:

hcap, 2
AR T—— (32)
C(y)Tt 2 hcap,v + 2tcap, (33)
(V)T 2 Weap, (34

The wing spar at each section root must be strong enough to
withstand the bending moment and stiff enough to not exceed some
deflection limit. Both constraints are imposed in the optimization
model as

hca + tCil i
Octip > M,-% (35)
wn S wmax (36)

where the ultimate tensile strength for unidirectional carbon fiber is
Ocfip = 1700 MPa [16]. The tip deflection is constrained to be less
than 20% of the half-span, w,,./(b/2) = 0.2.

Finally, the weight of the spar cap is computed as

b/2
AW,- 2 Petrp Weap, [cap, m 8 (37
n—1
W 22 AW, (38)

1
where peqp, = 1.6 g/cm? [17].

4. Additional Wing Weight

Itis assumed that the wing skin is made of carbon fiber. The weight
of the wing skin is

Wskin e 2/)Acf,.p Sg (39)

where p, = 0.049 g/ cm?, or approximately the area density of
one ply of carbon fiber [17]. The wing skin is assumed not to
contribute to the bending stiffness.

Additional wing weight W,y accounts for additional structural
weight (ribs, rear spar, actuators, etc.):

Wfadd > (Wspar + Wskin)ml'ac (40)
where mg,. = 1.2.

5. Empennage

An empennage model is added to both the solar-electric and gas-
powered aircraft models. The empennage model consists of a single
tail boom, horizontal tail, and vertical tail. The empennage adds both
weight and drag to each aircraft.

The tail boom has an optimized diameter d, root wall thickness #,
root moment of inertia /;, modulus E = 150 GPa [16], density
Peip = 1.6 g/ cm? [16], and length [,. The total mass and root
bending inertia are imposed in the optimization model as

1
m > ”pcfrpt()dlh(l - Ek) (41)

IO S ﬂlod3/8 (42)

where the index k = 0 corresponds to a uniform wall thickness and
stiffness, and k = 1 corresponds to a linear drop-off to zero. For both
the solar-electric and gas-powered aircraft, k = 0.8 is assumed.
When the tail boom is loaded at the end point x =/, by the
horizontal tail lift L, the end deflection angle follows from standard
beam analysis:

L2 1+k
e 43
2Fl, 2 43)

1 2
Lh = ECthV Sh (44)

The horizontal tail is sized to satisfy a horizontal tail volume
coefficient condition V}, = 0.45 [18]:

_ Suhy

\%
h Sc

(45)

The vertical tail is sized to meet a conservative tail volume
coefficient V, = 0.04 [18]:

Sy ly
VvV, = S D (46)
where [, is the vertical tail moment arm, assumed to be equal to the
horizontal tail moment arm, [, = ;.
Both the horizontal and vertical tails are assumed to have a carbon-
fiber skin and solid foam interior, where their respective densities are
Pag, = 0.049 g/cm?, proam = 1.5 Ibf/ft3. The weight of the tails is

St

wh) -

W(v,h)/mfac = Pfoam b( b A+ gpAcﬂ-pS(V.h) 47
Vv,

where by, and b, are the spans of the horizontal and vertical tails,
respectively, and A is the cross-sectional area of the NACA 0008
airfoil. The margin factor mg, = 1.1 is included to account for
control surfaces, attachment joints, actuators, etc.

The drag of the empennage was modeled as three separate parts
with no interference drag. The drag of the tail boom is calculated
using a turbulent flat-plate model:

1
Dboom b E Cfpv2lh7[d (48)
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0.445

49

2R @)
Vpl

Reoom = % (50)

The drag of the horizontal and vertical tails is computed using a
GP-compatible fit of XFOIL data for a range of Reynolds numbers
and NACA airfoil thicknesses, where the selected airfoil is the NACA
0008 for both the horizontal and vertical tails (i.e., 7(, 5y = 0.08). The
XFOIL data were generated for a zero angle of attack, based upon
steady level flight where neither surface is generating lift.

B. Solar-Electric Aircraft Physical Models
1. Wind Speeds

There exists an optimum flight altitude for solar-electric-powered
aircraft. The local minimum in wind speed around 19,000 m and the
variation of air density with altitude suggest that the altitude should
be an output of the optimization. To accomplish this, constraints
relating wind speed to altitude are imposed. This approach assumes
that the solar-electric-powered aircraft will not be confined to fly at a
single altitude but will fly at the altitude where conditions are most
favorable.

Because wind speeds do not increase monotonically with latitude,
it is possible that the design for a given latitude is constrained by
winds at a latitude inside the required latitude band. To handle this, a
multipoint set of latitude constraints is imposed. The wind-speed data
used to generate these equations include December wind speeds from
the Northern Hemisphere and June wind speeds from the Southern
Hemisphere for the years 2005-2015. In total, 41 wind-speed
constraints were generated to represent £20-60° each with a log-
space RMS error of less than 5% (see Appendix B).

For the gas-powered aircraft, the altitude is not optimized. Gas-
powered aircraft, which are naturally aspirated, will be less efficient
athigher altitudes. Additionally, wind speeds increase monotonically
from sea level up to ~9100 m. Therefore, the altitude for gas-
powered aircraft is determined as the minimum altitude necessary for
the payload to be effective [3]. For this sizing study, the altitude
requirement for the gas-powered aircraft is Ay, = 4500 m,
corresponding to a 100-km-diam footprint with a 5 deg lookup angle.

2. Solar-Electric Power

At a given time of year DOY and latitude ¢, there exists an
available solar irradiated energy (E/S),, per unit area during one
day:

(E/S)sun = f(¢.DOY) (51

To operate continually for multiple days, the total available solar
energy (E/S),, must be greater than the required preconversion-
efficiency solar energy per unit area to power the aircraft during the
day (E/S)qay and the energy required to power the aircraft during the
night via batteries Ey,, [6]:

E,,
(E/S)qun 2 (E/S)gay + ————— (52)
’]charge"]solarssolar

Eballr/discharge > Popertnighl + (E/S)lwilightnsolarssolar (53)

where the charge, discharge, and solar cell efficiencies are assumed to
be fcharge = Mdischarge = 0-98 and 17,1, = 0.22. An additional energy
term (E/S)yyitigne is included in Eq. (33) to account for hours of low
solar irradiance, during mornings and evenings, when the aircraft
must continue to fly on partial battery power. Equations (52) and (53)
are graphically represented in Fig. 9, which represents the solar
energy at 30° latitude.
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Fig. 9 Solar power on 21 December at 30° north. Twenty-four-hour
operationality achieved when (E/S),,, area exceeds area under

(P/S)min .

In order for the aircraft to begin charging batteries, there must be a
minimum solar irradiance power:

Po er
(P/S)min =2 (54)

USOIarSsolar

nmolorpoper > Pshafl + Pavionics (55)

where 77010r = 0.95. Thus, for a given latitude and day, and therefore
total solar energy (E/S)gyn both (E/S)day and (E/S)iligne are
functions of (P/S) .- The total solar energy available (E/S),, is
computed before the optimization solve and is used to generate
monomial approximations for (£/S) gay and (E/S)wilign: @s functions
(P/8)min» one for each degree of latitude between 20 and 60° latitude.
(E/S)sun’ (E/S)day’ (E/S)twilight’ and tnight are precomputed USing the
formulas in Appendix C to generate the fitted equations.

For the purposes of this design study, it is assumed that the solar
cells are placed on the wing and the horizontal tail but not on the
vertical tail. The fractional solar cell area index f,, is 1 when the
solar cells completely cover the main wing and greater than 1 if solar
cells are also placed on the horizontal tail:

Ssolar < fsolarS (56)

3. Motor Weight

The solar-electric-powered aircraft has a motor whose weight is
based on the approximation [19]

Pma\x = BPMmmotor (57)

where M0 18 the motor mass, Py > Poper 18 the maximum
operating power, and the assumed power-to-mass ratio
is Bpy = 4140.8 W /kg.

C. Gas-Powered Aircraft Physical Models
1. Breguet Endurance

A key sizing equation for a long-endurance gas-powered aircraft is
the Breguet range equation. For GP compatibility and to optimize
endurance, not range, a variation of the Breguet range equation is
used:

t = Wave (o (Winitial) (58)
PgattBSFCg  \ Wiina

This version comes from assuming that BSFC and the power-to-
weight ratio (Pgp,q/W) are constant during the considered flight
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segment. One way to obtain a constant power-to-weight ratio is a
constant velocity and constant lift coefficient [20]. The segment
weight W, is assumed to be the geometric mean, defined as

Wave =V Winitialwﬁnal (59)

To make Eq. (58) GP-compatible, a Taylor expansion is used [8]:

> PshafttBSFCg

Zbre = W (60)

W tuei Zl%re Zgre Zére
> =X 61
Wena > Zpre T 2 + 6 + 2 + (61)

Equations (60) and (61) are monomial and posynomial,
respectively, and therefore GP-compatible. For long-endurance
aircraft, missions can last days, causing the power-to-weight ratio
(Pghati/W) to vary significantly during the course of the flight.
Equations (9), (60) and (61) can be discretized to account for this:

1
VWWi = Ein%CL,»S (62)

Pshaft,» tiB SFCg

63
Tore; Z WiWi+1 (63)

W fuel; Zﬁre Zgre- Zgre
i i i i 64
Wiy, 20 T T Ty 64

For evaluation of long-endurance, gas-powered aircraft, a
discretization of N = 5 was used.

2. Elliptical Fuselage

For the gas-powered aircraft, it is assumed that the fuel is carried in
an elliptically shaped fuselage. The fuselage will increase the overall
weight and drag of the aircraft. The solar-electric-powered aircraft is
assumed to carry the batteries in the wings and will therefore have a
small fuselage whose effects will be ignored.

The driving constraint for the size of the fuselage is to ensure that
all of the fuel required for the mission can fit inside the fuselage:

Vfuse > — (65)

where the fuel is assumed to have a density pg,; = 6.01 1bf/gal. The
dimensions of the fuselage are constrained by

lf
use 2
R:
2 fuse

Vfuse < 57[ (66)

where /g is the length of the fuselage, and Ry is the radius. Using
the length and radius, the surface area can be calculated using
Thomsen’s approximation [21]:

T fuse

S 1.6075
3( fuse) > 2(21t‘useRt‘use)l‘6O75 + (4R2 )16075 (67)
The weight of the fuselage is constrained by

quse = Sfuse/)Ampg (68)

where Phgy = 0.0975 g/cm?, or the area density of two plies of
carbon fiber [17]. The surface area is also used to calculate the drag
assuming a skin-friction-based drag model:

1
Dfuse > kafuse 5:0V2Sfuse (69)
0.455
Cy2 RS (70)
where k. is the form factor approximated by [22]
60 (lfu%e/ZRfuqe)
ko > 1 : - 71
fuse = * (lfuse/ZRfuse)3 400 ( )

3. Engine Weight

The engine weight of the gas-powered aircraft is governed by a
simple power law derived from existing two-stroke and four-stroke
engines [23]:

W enei P\ 0772392
e = 1.27847(—“'“*) (72)

engine-ref ref

where Wepginerer = 10 Ibs and Py = 10 hp. Equation (72) is
compared to the data in Fig. 10.

4. Gas-Powered Engine Performance

Two characteristics of gas engines affect the performance of long-
endurance aircraft. The first is brake specific fuel consumption
(BSFC); a lower BSFC will result in increased endurance. The

200 . : : . T T
o o UND Engine Data
— Power Law Fit

150

100

50

Maximum SL Shaft Power [hp]

0 50 100 150 200 250 300 350
Engine Weight [Ib]

Fig. 10 Power law fit to University of North Dakota engine weight data
[23] (log-space rms error = (.34).

1.0 : '
o o RCV Engine Ltd. Data
— GP approximation
0.8+
£
2 0.6¢
<
o
=
E 0.4
©n P
Q
0.2
0.0 H i H H
0 20 40 60 80 100

Percent Power
Fig. 11 Representative engine performance fit based on RCV Engine
Ltd data (log-space rms error = 0.007).
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Table 2  Solar-electric-powered aircraft design variables

25° latitude 30° latitude 25° latitude 30° latitude
Variable 85th percentile winds _ 85th percentile winds  90th percentile winds  90th percentile winds
Wwro, 1bf 81.7 88.8 143 195
b, ft 46.6 48.6 62.2 71.4
A 28.9 28.8 27.6 26.9
Wing, Ibf 20.2 22.1 38.4 52.5
Wiaw, 1bf 36.1 39.5 61.4 83
Wotars 1bf 4.14 4.53 7.75 10.5
Cr 1.19 1.19 1.12 1.09
Cp 0.0396 0.039 0.0344 0.032
h, m 1.68e + 04 1.7¢e + 04 1.72e + 04 1.75e + 04

Table 3 Gas-powered aircraft design variables

Five-day Seven-day Nine-day
Variable endurance endurance endurance
Wro, 1bf 72.3 118 288
b, ft 14.5 18.6 28.8
A 24.6 24.7 24.7
Wigel» 1bf 37.6 74.3 210
Wying Ibf 4.24 7.96 25
Wengine» Ibf 8.68 11.7 20.6
BSFC, kg/h-kW 0.318 0.321 0.331
Cr 0.812 0.767 0.738
Cp 0.0305 0.027 0.0226

second is the lapse rate. Assuming a propeller driven aircraft and a
naturally aspirated engine, as the aircraft reaches higher altitudes, the
engine will have decreased available power. To account for these two
effects, a two-stroke, double-cylinder engine, the DF70 from RCV
Engines Ltd, England, was selected as a representative engine. RCV
Engines Ltd provided manufacturing data that were used to generate
representative performance curves. It is assumed that engines of a
similar size will perform similarly to the DF70 engine. This engine
performance model is only valid for internal combustion engines.

To capture throttling effects as aircraft weight decreases, a GP-
compatible curve was generated from the DF70 data to relate BSFC
and shaft power (Fig. 11). Using this approximation, the required
shaft power determines the BSFC. A comparison of the DF70 data
provided by RCV Engine Ltd in Fig. 11 to the BSFC to power curves
in Goering et al. [25] verifies that this performance curve is
representative of engines of similar sizes.

The lapse rate Len,(h) < 1 is assumed to affect the maximum
power output:

P
Lepo(h) = —"— 73
eng( ) PSL-max ( )

The lapse is calculated from the required flight altitude h =
4500 m before the optimization solve using an approximate engine
loss rate for normally aspirated engines of 3.5% hp per 300 m [26]:

0.035

Leng(h) =1- 300 m

h (74)

5. Climb Constraints

Because the gas engine is naturally aspirated, as the aircraft climbs,
there will be less available power. The climb constraint ultimately
sizes the engine because, at the top of climb, when the least amount of
power is available, the engine must provide the necessary power to
meet a minimum climb rate,

Ry > 30 m/min (75)

#RCV DF35.20 x 8 Zinger Prop. Static Operation,” RCV Engines, private
communication, April 2016.

The climb rate affects the required thrust and therefore the required
power during climb:

1 B
T>— 2 min
_ZCDpV S+ W v (76)
where W is the weight of the aircraft during climb.

VI. Results

The gas and solar-electric-powered aircraft optimization models
were solved by minimizing the takeoff weight for the requirements
listed in Table 1 and the assumptions and key design parameters
described herein. The solar-electric-powered optimization model

350 T T T

— Solar-electric Powered
300l — Gas Powered |
250} ; ; : 1

200

Max Take Off Weight [Ibf]

0 1 1 1
+20 +25 +30 +35 +40
Latitude Requirement [deg]

Fig. 12 Gas architecture feasible for all latitudes. Next integer latitude
for each solar-electric curve is infeasible.

1000

800

600 -

400
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00 2 4 6 8 10 12 14
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Fig. 13 Endurance and size trade study for gas-powered architecture.
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Fig. 14 Contours of latitude. Reaching higher latitudes requires better
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had 375 unknowns and was solved in 0.164 s for a maximum
takeoff weight of 194.7 lbs. The gas-powered aircraft optimization
model had 552 unknowns and was solved in 0.144 s for a max

takeoff weight of 72.3 lbs. Key design variables for both
architectures are listed in Tables 2 and 3 for various mission
requirements. The rest of this section explores how these result may
vary for different requirements, input parameter values, and physics
modeling assumptions.

A. Changing Requirements

Important tradeoffs between the gas-powered and solar-electric-
powered architectures are highlighted and quantified by changing the
latitude and endurance requirements. Both optimization models were
solved by minimizing the max takeoff weight across different latitude
requirements. Figure 12 shows this result evaluated at the 80th, 90th,
and 95th percentile wind speeds. The gas-powered model was solved
63 times in 5.6178 s total, and the solar-electric-powered model was
solved 31 times in 2.5529 s total to produce Fig. 12

One way to interpret Fig. 12 is that a solar-powered aircraft
weighing 190 1b is able to operate between £28° latitude in 90th
percentile wind speeds. This analysis shows that gas-powered
architectures are able to operate in more locations than solar-electric-
powered aircraft. On the other hand, solar-electric-powered aircraft
design becomes infeasible at higher latitudes because, even though
wind speeds peak around 42° latitude at 18,300 m, the combination of
lower solar flux and higher wind speeds makes it difficult to reach
latitude bands greater than +30°.
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Fig. 17 Wind-speed constraint moves lift-to-drag ratio off maximum
(C33/Cp) point (plus signs). Solid lines are drag polars.

Although the solar-electric-powered aircraft may be limited
operationally by higher latitudes, it is not limited in endurance as is
the gas-powered aircraft. Solving the gas-powered optimization
model for different endurance requirements shows where the gas-
powered architecture becomes less feasible. Figure 13 shows the
endurance versus size analysis for a gas-powered aircraft by
minimizing maximum takeoff weight for an aircraft capable of flying
at any latitude. Figure 13 was generated using 29 separate
optimization solutions that took a total of 2.403 s to solve.

B. Changing Parameter Values

The previous results are dependent on the assumed input values
and parameters. Changing parameter values can help show where the
designs becomes infeasible. As one example, two input values that
are especially important to the solar aircraft are the solar cell
efficiency and battery specific energy. By solving the model for
different assumed solar cell efficiency and battery specific energy
values, a broader picture of the design space is achieved. Figure 14
shows contours of latitude for a given solar cell efficiency and battery
energy density. Put another way, this plot shows how good the solar
cells and batteries must be to reach a given latitude. Figure 14 was
produced using 157 separate optimization solutions that took a total
of 14.379 s to solve.

Figure 15 shows a matrix contour map of the solar-electric-
powered aircraft wing spans for multiple solar cell efficiencies,
battery energy densities, latitudes, and percentile wind speeds. Each
point in Fig. 15 is a unique design for minimum wing span. The
infeasible regions and contour shapes would change for different
assumed constant values.

C. Changing Physical Modeling Assumptions

Insight into the design space can also be gained by changing the
physical modeling assumptions. For example, by altering the aircraft
structural model, it can be observed how air density trades for wing
weight. It might be assumed that because the wind speeds are lowest
at 20,400 m at 29° latitude, the aircraft will always fly at 20,400 m. If
it is assumed that the structural weight of the aircraft can be modeled
as a fraction of the total weight

Wstruclural > WMTOf structural (77)

where fuewra = 0.35, then the optimized flight altitude is almost
exactly 67,000 ft, as shown in Fig. 16. However, if the structural
weight is represented by the more detailed model as explained in
Sec. V, larger wings have a weight penalty, and the optimization
trades air density for wing weight. Therefore, by adding a structural
model, the optimization seeks a smaller wing to save weight and
operates at a lower altitude to increase density.

Another interesting result is the operating lift-to-drag ratio for the
gas-powered aircraft. The optimum lift-to-drag ratio to maximize
endurance for gas-powered aircraft is at the maximum C} /C, [20].
However, while station keeping, the aircraft will maintain a constant

Table 5 Gas-powered aircraft sensitivities (90th percentile winds)

Table4 Solar-electric-powered aircraft sensitivities

25° latitude

30° latitude

Five-day Seven-day Nine-day
Variable endurance endurance endurance
V wind 1.31 2 3.6
Mprop -1.23 -1.89 -3.61
BSFEC 9 1.19 1.84 3.51
Hoiter 1.17 1.82 3.49
Woay 0.294 0.235 0.164
N max 0.0788 0.131 0.31

25° latitude 30° latitude

Variable  85th percentile winds  85th percentile winds  90th percentile winds  90th percentile winds
Mprop -4.03 —4.42 —8.45 -144
Ndischarge -3.36 —3.68 —6.88 -11.6
tnight 3.16 3.46 6.5 11
Ppaie -2.59 -2.81 -4.79 —7.88
Hsolar -1.43 -1.59 -3.63 —6.45
(E/S)sun -1.26 -1.41 -3.34 -5.97
Duwind 1.17 1.97 3.49 8.59
Ncharge -0.774 —0.866 —2.09 -3.73
Woay 0.732 0.727 0.798 0.974
Psolar 0.297 0.323 0.605 0.995




Article in Advance / BURTON AND HOBURG 13

velocity during high wind speeds. At a constant velocity or constant
Reynolds number, the lift-to-drag ratio will not be at the maximum
C}3/Cp. If it is assumed that wind speeds are negligible or that
station keeping is not important, then velocity will be optimized such
that the lift-to-drag ratio is at the maximum C}3/Cp, as shown
in Fig. 17

D. Sensitivities

When a GP is solved, the sensitivity of the optimal objective value
with respect to each constraint is also returned. From this
information, the sensitivity of the optimal objective value to each
fixed variable can be extracted [8]. Although sensitivities are local
and therefore only exact for small changes, they provide useful
information about the relative importance of various design variables.
For example, if the objective function were Wyto and the sensitivity
to battery specific energy were 0.5, then a 1% increase in the solar cell
efficiency would result in a 0.5% increase in weight. Tables 4 and 5
show the variables with the highest sensitivities for the solar-electric
and gas-powered architectures, respectively, where the objective was
max takeoff weight.

For the solar-electric aircraft, it is interesting to note that the battery
discharge efficiency sensitivity is higher than the battery charge
efficiency sensitivity. This occurs because the discharge efficiency
directly affects the required battery size, whereas the charge
efficiency only does so indirectly.

VII. Conclusions

Using geometric programming, the feasibility limits of solar-
electric and gas-powered aircraft were analyzed to a level of detail
and speed not previously achieved in conceptual sizing studies.
Based on the assumptions included herein, the gas-powered aircraft is
more capable of meeting high latitude and station-keeping
requirements. The solar-electric-powered aircraft sizing does not
converge at latitude requirements above 31° latitude. However, solar-
electric-powered aircraft can meet high endurance and altitude
requirements. The effects of key design parameters on the size of each
architecture were also quantified. Using higher-energy-density
batteries can result in significant weight and performance savings for
the solar-electric-powered aircraft.

Appendix A: Discussion on the Use of the JH01 Airfoil

The sd7032 airfoil was redesigned to prevent drag creep by
weakening the pressure spike associated with premature separation at
higher Reynolds numbers. Figure Al shows the pressure
distributions generated in XFOIL of the JHOI airfoil at C; = 0.0
and C; = 1.35 with Re =3 x 10°. The redesigned airfoil was
named JHO1. We would like to thank Mark Drela for the redesign.

Appendix B: Convex Fitted Functions

Some constraints in this optimization study are convex equations
that approximate data or other functions. These equations include
wind speed versus air density, airfoil drag polar, tail drag polar, BSFC
to throttle mapping, and arctan equations. Each of these equations
was generated using the fitting techniques described by Hoburg et al.
[14]. All fitted equations are either max-affine or softmax-aftine
functions:

fmalx) = ax K[bk + xjx] (B1)

1 K
Fun®) = Zlog ) explabi + afx) (B2)

The log-space rms error,

1 m
RMS error = . ; (f(x) = yi)2 (B3)

is given throughout the paper for each equation, where m is the
number of data points.

Bounds are imposed inside the optimization to ensure that the
optimizer does not find a solution that exceeds the range over which
the data were fitted. In the case of the wing and tail drag polar fitted
equations, a postsolve process runs XFOIL and verifies that the
optimized drag for a given lift coefficient and Reynolds number is
within 5% of the XFOIL computed drag.

Appendix C: Solar Energy Calculations

The total available solar energy per day is an integral of the
available solar power during the course of the day:

(E/S)un = / " (P/S) g di 1

For simplicity, energy and power will refer to energy and power per
unit area throughout the rest of this section, i.e., (P/S) = P. The
solar irradiated power Py, is a function of 6, the angle between the
normal to the flat surface, or aircraft wing, and the sun beam [27]:

P = Pycos@ (C2)

The angle 6 depends on the time of day ¢, latitude ¢, and
declination angle A [27]:

~2.Opeon =2 Opeon

-1.5 -1.5

Cp Cp

-1.0 -1.0

-0.5 -0.5

0.0 0.0

0.5 0.5

1.0 1.0

(
a) C;=0.0 b) C; =135

Fig. A1 Pressure coefficient plots at the minimum and maximum expected C;, at Reynolds number Re = 3 x 10°.
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cos @ = sin A sin ¢ + cos A cos ¢ cos 2zt /24 (C3)
The declination angle A can be found using the relation [27]

A =0.006918 — 0.399912 cos 8 + 0.070257 sin f — 0.006758 cos 28
+0.000907 sin 28 — 0.002697 cos 3 + 0.00148 sin 3 (C4)

where f = 27(DOY — 1)/365. The time of day #4,, and the time of
night f,;0 can be calculated using a derivation of Eq. (C3) [27]:

cOS(Ztgprise /12) = —tan Atan ¢ (C5)
fsunrise = —Lsunset (C6)

lday = 2Msunrise (&)

tuight = 24 — aay (C8)

where noon is 7 = 0. Both 74,y and 7,y affect the battery size as
defined in Eqgs. (52 and 53). The solar power available, assuming no
inclination angle P, is found using the eccentricity of the Earth’s
orbit:

Rsz*un
P() = Psun surface o (C9)
earth orbit
DOY - 93
Rearthorvit = r()|:1 +0.017 Sln(ZﬂT)] (C10)

where P, surface 15 the power emitted at the sun’s surface, Ry, is the
radius of the sun, Ry orbic 1S the distance from the Earth to the sun, r
is the average distance from the Earth to the sun, and 0.017 is the
eccentricity of the Earth—sun orbit.

Using a trapezoidal integration of Eq. (C1), the total available solar
energy per unit area can be obtained for a given latitude and day of the
year. Because the equations in this appendix are not GP compatible,
the total solar energy per unit area per day, the length of the day,
and the length of the night are calculated from the latitude and the day
of the year before an optimization solve.
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